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Sustaining stable liquid-liquid dispersion with the desired drop size still relies on experimental correlations, which do
not reflect our understanding of the underlying physics and have a limited prediction capability. The complex behavior
of liquid-liquid dispersions inside a stirred tank, which is equipped with a Rushton turbine, was characterized by a com-
bination of computational fluid dynamics and population balance equations (PBE). PBE took into account both the drop
coalescence and breakup. With the increasing drop viscosity, the resistance to drop breakage also increases, which was
introduced by the local criteria for drop breakup in the form of the local critical Webber number (Wec). The depend-
ency of Wec on the drop viscosity was derived from the experimental data available in the literature. Predictions of
Sauter mean diameter agree well with the experimentally measured values allowing prediction of mean drop size as a
function of variable viscosity, interfacial tension, and stirring speed. VC 2015 American Institute of Chemical Engineers
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Introduction

Dispersion processes are frequently used in industry to
increase the heat removal and to provide large interfacial
area available for mass transfer. However, maintaining stable
dispersions with the desired drop size distribution (DSD) in
large industrial tanks still poses a difficult task with high
economic risks involved. To control and optimize the disper-
sion processes in agitated vessels, both the coalescence and
breakup processes have to be taken into consideration. For
the coalescence, the key factors are the collision frequency
between two colliding drops, time of their contact, and
mobility of the drop surface. The drop breakup is determined
by the balance between the disrupting forces and the cohesive
forces. The disrupting forces are induced by the flow, which
is typically turbulent, while the cohesive may be twofold: the
interfacial tension that keeps the drop spherical, and the inter-
nal viscose resistance.

Due to the complex nature of the dispersion processes,
there are many correlations between the mean or maximum
stable drop size and the global process parameters.1 The cor-
relations are usually expressed in terms of the dimensionless
numbers, one of which is the tank Weber number2 defined as

WeT5qN2D3
imp=r (1)

with q referring to the density of the continuous phase, N is

the mixing frequency of the impeller, and Dimp is its diame-

ter. The other group, introduced to capture the dependency

of stable drop size on the dispersed-phase viscosity, is the

viscosity group defined as2

Vi5ld=
ffiffiffiffiffiffiffiffi
qdr
p

(2)

where ld and qd refers to the viscosity and density of the
dispersed phase, respectively, and r is the interfacial tension,
which is a strong function of the type and amount of used
surfactant. Despite the practical usefulness of these empirical
correlations, they also have several drawbacks. From scien-
tific point of view, the most important is the omission of the
details of the physics involved in the governing mechanisms.
On the other hand, the narrow applicability window of oper-
ating conditions, for which, these correlations were deter-
mined, poses a strong limitation for the engineering
applications. Bearing all these limitations, the correlations
between dimensionless groups cannot predict conditions, that
is, interfacial tension, viscosity, mixing rate, or vessel geom-
etry, which are outside the range of the experimental data
used for their derivation. Also, recent knowledge presented
by several authors who studied breakup of drops or fractal
aggregates in stirred tanks1,3 or in an axisymmetric exten-
sional flow,4–6 indicates that particularly breakage is
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controlled by the local hydrodynamic properties rather than
the global characteristics.

In a stirred tank, an efficient way to investigate the details

of the fluid flow and its impact on the coalescence and

breakup processes is the combination of multiphase flow

model with the model of coalescence and breakup. The flow

can be modelled by the computational fluid dynamics (CFD)

while the dispersion processes are captured by population

balance equations (PBE). In the past, successful applications

of this combined approach for gas-liquid dispersions have

been presented by several researchers.7–18 As concluded in

these works, the modelling of the dispersed systems requires

a careful choice of the coalescence and breakage rate expres-

sions, also called kernels. A comprehensive comparison of

available coalescence and breakage kernels for the gas-liquid

and liquid-liquid systems can be found in the reviews of

Liao and Lucas.19,20 More consensus has been reached

among scientist, in the case of the coalescence kernel, while

the breakup kernels exist in various forms in the literature.20

Depending on the choice of the kernel, there could be sev-

eral adjustable parameters, which are commonly obtained by

fitting of the model against a suitable set of experimental

data. Obviously, models with lower number of adjustable

parameters are preferred. One of them is the criteria for bub-

ble/drop breakup. This is commonly provided in the form of

the local value of the Weber number defined as2

Wec5sL=r (3)

with s being the stress imposed by the fluid on the surface
of the bubble/drop and L representing the bubble/drop size.
Since the size of bubbles/drops is commonly larger that the
Kolmogorov microscale gk5 m3=eð Þ1=4

� �
their breakup

occurs in the inertial subrange of turbulence. Together with
the assumption of the isotropic turbulence,21 this leads to an
approximation of the hydrodynamic stress in Eq. 3 as

s5
1

2
q hDu2 dð Þi (4)

where hDu2 dð Þi is the mean square difference in the velocity
between two points separated by the distance d, sometimes
referred to as the second-order velocity structure func-
tion.21,22 In the case of the inertial subrange of turbulence,
the mean square difference in velocity takes the form of

hDu2 dð Þi5C3 edð Þ2=3
(5)

where e is the local energy dissipation rate and C3 is a constant,
which under the assumption of the isotropic turbulence is
around two.21,23 Combining Eqs. 3–5, and assuming that the
separation distance d is comparable to the diameter of the bub-
ble/drop, we arrive to the expression of the breakup criterion

Wec5q e2=3 L5=3=r (6)

For the modelling of the dispersion processes by a combination
of CFD and PBE Eq. 6 is preferred to Eq. 1 due to the direct
relation between the local values of e, size of the bubbles or
drops, and the interfacial tension. In the case of air bubbles in
water, Wec is commonly assumed to be equal to 2.3 (see, e.g.,
Prince and Blanche24 or Venneker et al.7) with no dependency
on the dispersed-phase viscosity. However, liquid-liquid disper-
sions exhibit a strong effect of the dispersed-phase viscosity on
the maximum stable drop size25 as well as breakup mecha-
nism26 which indicates no unique value of Wec.

In recent work, Becker et al.27 studied the breakage of
drops with variable viscosity in the presence of the surface
agent and also reported increasing resistance to breakage
with the increasing drop viscosity. They proposed a modifi-
cation of the breakup kernel originally derived by Luo and
Svendsen28 by an additional term related to the internal
resistance of the drop imposed by the viscosity. Model vali-
dation was performed for various oils with viscosity between
0.02 and 0.35 Pa s and the dispersion was stabilised by a
fast-acting surfactant. The stabilization resulted in similar
interfacial tension in the studied systems. Although the
breakup model seems promising, some controversy remains
about the drop size below the inertial subrange and the eddy
size which breaks the drop, which is assumed substantially
larger than the breaking drop size (approximately two orders
of magnitude). These conclusions are not in agreement with
previous literature studies, where the maximum size of the
breaking eddies was reported between the size of the drop
and 103 the drop size. Larger eddies are deemed responsible
for the drop transport rather than for their breakup.24,26 The
same group applied the modified breakup kernel for a CFD
analysis of a high-pressure homogenizer.29

Combined CFD-PBE models offer an efficient tool for
inspection of the turbulent behavior of liquid-liquid disper-
sions, and such modelling extends the knowledge beyond the
correlations of nondimensional groups. However, predictions
of behavior outside fitting bounds are scarce and even CFD-
PBE coupled models have not yet extended for predictions
of the variable geometries, holdups of the dispersed phase,
viscosities of both phases, or interfacial tension.

To predict the dispersion characteristics at variable condi-
tions, i.e. the dispersed phase viscosity, interfacial tension,
mixing rate, we formulated a CFD-PBE model which was
validated against the experimental data of Wang at al.30

From these data, we formulated a local breakup criterion in
the terms of the critical Weber number Wec described by Eq.
6. Figure 1 shows an example of the Wec calculated from
experimental data,30 measured in a stirred tank which was
equipped with six-blade Rushton turbine. The impeller was
in the center of the vessel equipped with four baffles that
had the width equal to the 1/10 of tank diameter. A very
broad range of the dispersed-phase viscosities and interfacial
tensions covering range from 0.001 Pa s up to 1 Pa s, and
from 0.045 N/m down to 0.007 N/m, respectively, was
investigated by Wang and Calabrese.30 Since these data were
measured for a low volume fraction of the dispersed phase
equal to 0.15%, the coalescence was substantially suppressed
and the breakup was assumed as the dominant mechanism
which controlled the size of formed drops. The operation in
the breakage dominant region implies that the size of maxi-
mum stable drops was determined by the maximum value of
the energy dissipation rate present in the system, emax.1,4

Even though the used configuration of the stirred tank is fre-
quently studied in the literature, the reported values of emax

vary significantly.1,3,31–36 To avoid any a priori choice of
emax and considering that all presented data of Wang and
Calabrese30 were measured using the same vessel operated
at the same stirring speed, we show the values of Wec nor-
malized with respect to the lowest viscosity of dispersed
phase, that is, 0.001 Pa s.

As can be seen from Figure 1, the measured data follow
closely the same trend although it was obtained at variable
interfacial tension, r, between the phases, which in the
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ranged from 0.007 to 0.0378 N/m. The change of r was
obtained using pure water or mixture of water and methanol
as the continuous phase. Such reduction of r did not cause
any steric stabilization of droplets as it would be by surfactant
addition. For the case of the pure methanol as continuous phase,
which corresponds to the lowest interfacial tension, a deviation
from the waterborne curve is observed. This indicates that for
waterborne systems the interaction between the continuous
phase and the silicone oil is different compare to the system of
silicone oil dispersed in pure methanol. The reasons may be
twofold: (1) change in molecular interaction due to different
amount of hydrogen bonds and/or (2) higher solubility of the
methanol in the silicone oil.

We assumed that dependency of the measured stable drop
size on interfacial tension for waterborne systems is properly
captured by Wec, which corresponds to data in Figure 1. In
contrast to the interfacial tension effect, Wec is not capable
of capturing the dependency of the maximum stable drop
size on the dispersed-phase viscosity. First, reported by
Hinze,2 this phenomenon lead to the introduction of the viscos-
ity group (Eq. 2). Since the CFD-PBE cannot locally solve the
usually nonlinear correlation between the viscosity group and
Weber number (Calabrese et al.25), we proposed a viscosity-
dependent Wec (see line in Figure 1). This allows us to incorpo-
rate an additional contribution of the drop viscosity to the
breakup resistance and serve as a local breakup criterion. The
obtained dependency of Wec on the dispersed-phase viscosity is
linear, which is the same form as the kernel modification pro-
posed by Becker et al.27 The obtained Wec was consequently
used to study the effects of dispersed-phase viscosity, interfa-
cial tension, and stirring speed on the mean stable drop size in
diluted dispersions without presence of surfactant where both
coalescence and breakup took place. The study was conducted
by a combination of CFD multiphase model of whole vessel

combined with the PBE. The geometry represented the stirred
vessel used by Calabrese and coworkers.25,30,37

The data of Wang and Calabrese30 were collected for con-
stant stirring speed, the predictive power of the proposed
model was tested using another dataset generated by the same
group.25 This dataset reports the mean stable drop size as a
function of the applied stirring speed and viscosity of the dis-
persed phase in water media, while using a self-similar mixed
vessels of various sizes equipped with the Rushton turbine.
Furthermore, to cover also the dispersed-phase viscosity of
0.001 Pa s, incorporated the data of Chen and Middleman,38

which also describe the mean drop size at variable mixing
speeds.

Model Formulation

Hydrodynamic model

For modelling of a dilute dispersion, the Euler-Euler
approach gives a good approximation of the liquid-liquid
multiphase system.39–41 This concept consists of solving of
the continuity equation and momentum balance equation for
each phase. In this formulation, the continuity equation of
each phase has form

@

@t
ð/kqkÞ1r � /kqk

�Ukð Þ50 (7)

where /, q, and �U are volume fraction, density, and velocity
vector. Lower case index k refers to the continuous (c) or
dispersed (d) phase, respectively. To obtain �U, one needs to
solve the momentum conservation equation

@

@t
ð/kqk

�UkÞ1r � /kqk
�Uk

�Ukð Þ52/krp

1r � Tk1Fdrag1/kqkg
(8)

where rp, T, g, and Fdrag represent the pressure gradient,
total stress tensor, gravity acceleration, and drag force,
respectively. The sign of the drag force is considered nega-
tive for the dispersed phase and positive for the continuous
phase. The turbulent term in the momentum balances (Eq. 8)
was resolved by the standard k2e model, where the turbulent
kinetic energy, k, and the energy dissipation rate, e, are
obtained by solving additional two conservation equations
defined as follows21

@

@t
ðqmkÞ1r � qmk �Umð Þ5r � gt

rk
rk

� �
1Gk2qme (9)

@

@t
ðqmeÞ1r � qme�Umð Þ5r � gt

re
re

� �
1

e
k

C1Gk2C2qmeð Þ

(10)

where gt is turbulent viscosity. rk, re, C1, and C2 are model
constants. Lower case index m denotes mixture of phases.
Gk represents the production of the turbulent kinetic energy
given by

Gk52q r�Ucðr�UdÞT
� �

r�Ud (11)

The turbulent viscosity is given by equation

gt5Cgq
k2

e
(12)

where Cg is a hydrodynamic constant.21

Figure 1. Data of Wang and Calabrese30 measured for
different viscosity of the dispersed phase
and various values of the interfacial tension
replotted in terms of critical Weber number
(Wec) which was normalized by Wec obtained
for viscosity of the dispersed phase equal to
0.001 Pa s.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Population balance modelling

To model the behavior of dispersion without the surface
agent, we used the coalescence and breakup of the dispersed
drops, which formed the respective terms of the PBE.42

Even though experiments of Wang and Calabrese30 and Cal-
abrese et al.25 were performed at the low volume fraction of
the dispersed phase, that is, in the breakage dominant condi-
tions, the coalescence cannot be completely neglected if the
model should represent the processes in the vessel at variable
process conditions. As reported by Zhou and Kresta,32 the
smallest drops generated by breakage of the mother drops
can have size below the Kolmogorov length scale. For low
viscosities of the dispersed phase these drops are prone to
coalescence even in diluted systems if the mixing speed mix-
ing is sufficient.1 According to these findings we considered
the general form of PBE consisting of breakage and coales-
cence, while we neglected the drop growth or diffusion
terms has a form

@nðLiÞ
@t

1r � �Ud nðLiÞð Þ5BBðLiÞ1BCðLiÞ2DBðLiÞ2DCðLiÞ

(13)

where n Lið Þ represents the number density function of drop
with size Li. B and D are the birth and death terms due to
coalescence and breakage, respectively, as indicated by the
corresponding upper index. n Lið Þ is also a function of time
and space,43–45 but for the sake of simplicity full notation of
coordinates is omitted.

Let us now discus the respective terms of PBE. Birth by
breakage is usually assumed as a source term related to the
probability that a larger drop with size Lj will break into a
smaller size Li. This can be expressed as

BBðLiÞ5
ð1
Li

bðLi;LjÞgðLjÞnðLjÞdLj (14)

where bðLi; LjÞ is the daughter distribution function (DDF),
gðLjÞ is the breakage kernel, nðLjÞ represents number density
function of drops larger than Li, which can break into this
size. Drops of size Li can break into smaller drops, which
happens with rate gðLiÞ and the resulting death source term is

DBðLiÞ5gðLiÞnðLiÞ (15)

Smaller drops coalesce into the drops of size Li with rate
hððLi

32Lj
3Þ; LjÞ. The overall source term can be written as

BCðLiÞ5
1

2

ðLi

0

hððLi
32Lj

3Þ;LjÞnððLi
32Lj

3Þ1=3ÞnðLjÞdLj (16)

Drop of size Li may also coalesce with an arbitrary drop,
which results in a death source term, which has a shape

DCðLiÞ5
ð1
0

hðLi;LjÞnðLiÞnðLjÞdLj (17)

Coalescence Frequency. The coalescence kernel hðLi; LjÞ
was assumed as a product of the drop interaction frequency,
xC, and the efficiency of such an interaction, pC. A phe-
nomenological model of coalescence frequency is based on
the concept of a moving drop, which interacts with other
drops along its pathway. In analogy to the kinetic theory of

gases46 and with the assumption of (1) the isotropic turbu-
lence around the colliding drop, and (2) the drop sizes in
the inertial subrange, it is possible to derive the interaction
frequency of drops in turbulent flows.24 For more details,
see the original work of Prince and Blanch.24 When consid-
ering the statistical turbulent velocity of a drop in a form of
Eq. 5, the collision rate can be expressed as24

xCðLi;LjÞ5
ffiffiffi
2
p

p
16

e1=3ðLi1LjÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L

2=3
i 1L

2=3
j

q
(18)

Note that even though Eq. 18 represents the original idea
of the gas kinetic theory, various formulations are presented
in the literature.7,19

Coalescence Efficiency. Whether colliding drops will
undergo coalesce or not is controlled by the time required
for the coalescence and the time available for.47 According
to the standard mechanism of coalescence, the time required
for coalescence is related to the time required to drain the
liquid trapped in the thin film at the deformed drop-drop
interface. Following the work of Prince and Blanch,24 the
efficiency of collision, pC, was formulated as the exponential
of the ratio of the critical time, tCr, necessary for coalescence
and the contact time available, tCo, computed with respect to
flow conditions. The collision efficiency takes form of

pCðL1;L2Þ5exp 2
tCo

tCr

� �
(19)

Since viscosity has a strong effect on the interface mobil-
ity, tCr, was expressed as a contact time of two semimobile
interfaces according to Harrats48

tCr5

ffiffiffi
3
p

gdg
1=2
c _c1=2R5=2

4r3=2

1

hCr

2
1

h0

� �
(20)

where _c, R, hc, and h0 represent the shear rate, equivalent
radius of collision, critical, and initial separation distances of
surfaces, respectively. The critical distance, where the rup-
ture of the trapped film occurs, was approximated by formu-
lation of Chesters49

hCr5
HR

8pr

� �1=3

(21)

where H is Hamaker constant in the case of systems with
high viscosity of the dispersed phase, the initial separation
distance, h0, is usually very small compared to hCr, thus, it
was neglected.

An additional quantity required to calculate the critical
time of coalescence in Eq. 20, is the shear rate, _c. Assuming
isotropic turbulence _c can be related to the energy dissipa-
tion rate and fluid properties by equation

_c5

ffiffiffiffiffiffiffi
eqc

gc

r
(22)

Equivalent radius of colliding drops was defined as

R5
LiLj

Li1Lj

(23)

According to Levich and Kuznetsov,50 the contact time in
turbulent flow which expresses the available time for two
drops to coalesce was estimated as
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tCo �
L11L2ð Þ2=3

e1=3
(24)

Breakage Frequency. In the oil-water system, where the
components have very similar densities, the drops can break
either due to turbulent shear stresses or contact with the ves-
sel instrumentation. Since the density of continuous and dis-
persed phase25,30 was comparable, it was assumed that drops
follow closely the flow. Under such conditions, the drop
breakup can occur only due to the local hydrodynamic
stresses originating from the turbulence, that is, when the
drop hits an eddy which contains sufficient energy to break
it.

According to Kolmogorov energy cascade theory,22 multi-
ple eddies of various sizes and energies are present in the
turbulent flow at one place, therefore, it is advantageous to
inspect the eddies of various sizes and their possibility to
break the given drop.7,28 Consequently, the breakage rate
can be assumed as an integral of all relevant eddies

gðLÞ5
ðkmax

kmin

xBðL; kÞpBðL; kÞdk (25)

where k is the length of an eddy, xB L; kð Þ is the frequency
of drop interaction with eddies and pb L; kð Þ is the breakage
efficiency. Both eddy minimum and maximum sizes, which
must be taken into account, are often discussed in the litera-
ture.7,24,51 As shown by Andersson and Andersson,26 boun-
daries of integral in Eq. 25, has strong impact on the
breakup process. Following their theoretical findings, the
lower bound of the eddy size, kmin , was chosen to be one-
tenth of the drop size. Due to the nature of the breakage ker-
nel, the impact of selection of kmin was very small. Con-
versely, the choice of upper bound of the eddy size, kmax ,
has a strong impact on the breakup kernel. Values of kmax

from the drop size up to 10 times, the drop size were used
for the modelling the drop breakup.7,45,51 An exception is a
recent work of Becker et al.27 who suggested that kmax

should be in the order of 100 times of the drop. In our work,
kmax was set to be equal to the drop diameter while it was
assumed that larger eddies will transport the drop.26

Collision frequency is dependent on the size of the collid-
ing drops (L) and eddies (k), that are present in the turbulent
flow during the breakage event. Following the previous
works, which described the breakup of bubbles in turbulent
flow,7,24,28 we assumed the resulting collision frequency in
the form

xBðL; kÞ5
ffiffiffi
2
p

p
16

e1=3ðL1kÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2=31k2=3

p
nk (26)

where nk is the number density probability of an eddy with a
given size. Under the assumption that the drop breakup
occurs in the inertial subrange of turbulence, nk can be esti-
mated from the turbulent energy spectra as follows7,28

nk5
12 12/ð Þ

pk4
(27)

Breakage Efficiency. Many formulations of breakage
efficiencies are present in literature.20 The most common for-
mulation is based on the balance of the critical energy neces-
sary for the drop breakup, being proportional to ucr, and the

energy brought by an eddy, being proportional to uk, defined
as follows20

pBðd; kÞ5exp 2
u2

cr

u2
k

� �
(28)

The energy of the eddy per unit mass can be calculated
according to Eq. 5 by substitution of eddy size k instead of
drop size Li. When considering definition of the local Weber
number (Eq. 3), the critical energy of collision was defined as

u2
Cr5

Wecr
qcL

(29)

It was shown1,4 that the maximum size of a drop or fractal
aggregate, which was measured at steady state, is controlled
by the value of maximum energy dissipation rate present in
the system. To obtain Wec as a function of viscosity (see
Figure 1 and Eq. 6), it is necessary to determine the maxi-
mum steady state drop size, Lmax , which can survive in the
given flow described by the corresponding maximum energy
dissipation rate emax that the drop can withstand before
breakage. In our case, Lmax was obtained from the relation
L325C5Lmax , proposed by Sprow,52 with L32 referring to the
Sauter mean drop size. The parameter C5 depends on the
dispersed-phase viscosity and applied stress. Reported values
in the open literature vary from 0.38 to 0.69.1 In our case,
the C5 was adopted from the experiments of Calabrese
et al.25 The breakage resistance of the drop, expressed in
terms of the maximum energy dissipation rate emax , was
obtained by fitting of the results calculated by the CFD-PBE
model against the experimental data of Wang et al.30

Daughter Distribution Function. The drop breakage
occurs by various mechanisms according to the fluid stresses,
drop viscosity, and interfacial tension. A comprehensive
study of breakup mechanisms in Andersson and Andersson26

suggests that macroscale surface perturbations lead to break-
age of liquid drops into multiple similar-sized fragments for
low and moderate viscosities of dispersed phase. In such
case symmetric breakage assumption is considered reasona-
ble for the liquid-liquid systems, since the breakage event
results in two or three larger daughter drops of similar size
and a few small satellite drops with negligible volume frac-
tion of the mother drop. At higher viscosities, the dispersed
phase under elevated stress forms liquid threads which break
into multiple fragments of unequal size. We used the DDF
reported in Laakkonen et al.8 in the form of a beta
distribution

b5ð91
33

2
C419C2

41
3

2
C3

4Þ
L2

i

L3
j

 !
L3

i

L3
j

 !2

12
L3

i

L3
j

 !C4

(30)

where C4 is a parameter determining the shape of the distri-
bution. Laakkonen et al.8 adjusted the value of C4 against
experimental data, while others45,53,54 assigned the value of
C4 according to the mechanism of breakup. In this work, we
used ternary breakage mechanism into comparable size frag-
ments, however, the effect of C4 on the final drop size was
tested as well.

Drag coefficient Coupling. The PBE supplements us
with the size of the drops, which together with the drag coef-
ficient of dispersed phase CD give the drag force of drops
imposed on the fluid.55 Various forms of drag coefficient are
available in literature.56,57 In this work, the form proposed
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by Morsi and Alexander58 which is suitable for liquid-liquid
systems was used

CD5a11
a2

ReP

1
a3

Re2
P

(31)

where ReP5qC
�UmL=gC is the Reynolds number for a spheri-

cal particle and a123 are constants adopted from Morsi and
Alexander.58

Numerical Approach. We modelled the tank of a stand-
ard geometry with a Rushton turbine which was used by
Calabrese.25,30,37 Although they used four vessels of different
size, their geometrical ratios were held constant. This geo-
metrical similarity results in the identical scaling of the drop
size with the tip-speed of the impeller, therefore, we mod-
elled only the smallest vessel with a diameter T50:142 m.
The impeller width and the its clearance was equal to T/2
and the baffle size was T/10.

The vessel was drawn and meshed in Gambit software.
We used a mesh with 14 elements along the impeller blade
height and 18 elements along the blade width. The total
number of elements in the symmetric half of the stirred tank
was equal to 198,943. The minimal orthogonal quality was
0.835, the maximal aspect ratio was 4.6 and the maximal y1

was 33. To reduce the computational cost of the simulation,
the rotation of the zone around the impeller was modelled
by the moving reference frame (MFR) method. Second-order
upwind discretization was used for all simulations. The
pressure-velocity coupling was solved using “Coupled” algo-
rithm. For the modelling of the diluted system, we used the
Euler-Euler multiphase model. The oil-phase content was
very low, /OIL50:0015, which was chosen according to the
experimental work.30,37 The CFD simulations were con-
ducted in the commercial code Ansys Fluent 14.0.

To verify that simulation results were not mesh-
dependent, we carried out two mesh refinements. The first
refinement was carried out with respect to the gradient of e,
which is convenient for PBE as all the kernels were based
on the flow conditions characterized by e. The grid was
refined at places with high turbulence, that is, 97% of the
refinement was in the impeller area. The original mesh of
198,943 cells expanded to 232,109 cells. Because the refine-
ment with respect to gradient of e was aimed mostly at the
impeller region, another refinement of the original mesh was
carried out with respect to the velocity gradient. The mesh
was refined to 316,803 cells through the whole vessel. Cal-
culated flow conditions and the drop size distribution (DSD)
from the original and two refined meshes are compared in
the Results section.

The solution of PBE was realized by a User Defined
Function written in C11 programing language. The six
additional transport equations were solved to track six
moments of the DSD during the simulation. With moments
of distribution as user defined scalars, the ANSYS Fluent
can compute their material derivative, while the user supple-
ments the source terms, that is, the right-hand side of PBE,
see Eq. 13.

To solve PBEs, we used the quadrature method of
moments (QMOM), which requires numerical procedures
such as the product difference algorithm59 and algorithms
for overcoming the moment corruption, all of which was
adopted from Petitti et al.45 Solution of the integral in Eq.
25 requires a numerical integration which must be suffi-
ciently simple, fast, and accurate to integrate in each cell of

the computational grid. We choose the rectangle rule for its
simple implementation, little requirements for allocated
memory and no need of a priori knowledge of the shape of
the integrated function. Number of rectangles varied between
50 and 100, which was adjusted to obtain results with error
lower than 5% compared to advanced numerical techni-
ques.26,60 Integration of Eq. 30 was carried out by Gauss-
Legendre rule with seven nodes. Precision of this integration
method is discussed in Petitti et al.,45 and the method is
advantageous for the computational speed in case where the
shape of the integrated function is known in advance.

Two-way coupling between solution of the flow field and
PBE was used in this work, in every discrete volume of the
mesh as follows. The solution of PBE was affected by the
flow conditions given by e and, while the flow was adjusted
by the drag force computed according to the local drop size
and /D. Specifically, the Euler-Euler model of multiphase
flow was initially calculated with a constant drop diameter
(1 mm). On this flow pattern, PBE model was computed and
new drop sizes at every position of the vessel were obtained.
Once DSD was calculated, the drag coefficient was supple-
mented with the local Sauter mean diameter and a new flow
field computation was performed. Subsequent iteration
between CFD and PBE computations was conducted until a
steady state was reached. Diluted systems converge very fast
through these iterations and only up to two iterations were
required.

We carried out the simulation on a machine with 32 cores
and used the possibilities for process parallelization. The
cores operate at frequency 2.7 GHz and the overall RAM
was 64 GB. On this machine, the computation of flow on the
original grid took around 2 h and iterations were carried out
until the scaled residuals became less than 1025, which usu-
ally requires up to 2000 iterations. Solving PBE requires far
more iterations, around 15,000, and took around 8 h to reach
the same precision. Note that in the case of the flow compu-
tation, 12 variables in each cell were solved, while the PBE
requires tracking of only six moments. With a good initial
guess, the solution is reached fast, therefore, switching
between flow and PBE computation requires far less time to
converge after the first solution is found.

Results and Discussion

Flow characterization

The tank used by Calabrese and coworkers25,30,37 to exper-
imentally measure drop breakup was characterized by the
CFD techniques with the multiphase dispersion described by
the Euler-Euler model. The impeller was a six-blade Rushton
turbine, and the vessel was equipped with four baffles. In
this section, we report basic flow characterization in terms of
the tip speed, vtip, torque, To, power number, Po, maximum
and mean energy dissipation rate, eFlow

max and hei, respectively,
all of which are listed in Table 1 for mixing frequencies
from 110 to 330 rpm with water media inside the tank.

Both eFlow
max and hei are computed from turbulent fluctua-

tions, which is a widely used approach in literature.7,45 Note
that eFlow

max characterizes the flow conditions together with the
used mesh, which is different from the drop breakup resist-
ance, abbreviated as emax .

There are two ways to obtain Po. One is to average the
values of e through the whole vessel, and the other is to cal-
culate To, that is, momentum imposed on the impeller by the
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fluid. For all mixing speed, the ratio between hei from To
and from averaging of local e through the vessel is around
1.1, which indicates mesh describing the flow adequately
without any significant over- or under-prediction of e. The
Power number obtained from To ranged from 4 to 4.4 with
an increasing trend as Retank increases. Comparable values
were reported by Rutherford et al.61 as well as Joshi et al.62

for comparable Retank. Conversely, increasing trend indicates
that the flow was not yet fully turbulent, where the Po
between 5 and 5.5 is commonly reported using Retank above
40,000.61,63–65,73 Based on this, we can conclude that our
mesh, the k2e model and MFR technique represents the
flow adequately. We are well aware, that the validity of the
k2e model for certain part of turbulent flow, that is, trailing
vortexes, is not sufficient,66,67 however, combination of CFD
and PBE complicates application of more precise turbulent
models.72

As can be seen from Figure 2a, the distribution of e in the
studied stirred tank is very heterogeneous covering approxi-
mately four orders of magnitude with hei50:083 m2/s3 and
eFlow

max 59:8 m2/s3. During the e-based mesh refinement, To
dropped slightly and maximum energy dissipation rate
increased eFlow

max 525:9, which corresponds to 290 hei. The
flow conditions on the mesh obtained from the velocity gradi-
ent mesh refinement did not varied significantly when com-
pared to the first refinement, specifically To was identical and
eFlow

max =hei was equal to 271. Smaller value of eFlow
max =hei is

caused by less refinement in the impeller region.

Steady state DSD

Since the drop resistance to breakup, emax , which is used
in the formulation of the breakup criteria Wec (Eq. 6), is not
known in the studied system a priori, we determined its
value by the fitting of the calculated mean Sauter drop diam-
eter against the experimental data of Wang and Calabrese.30

Summary of parameters used in PBE simulation is presented
in Table 2. Drop sizes of oils with viscosities ranging from
0.001 to 1 Pa s, which were dispersed in water continuous
phase where the interfacial tension was 0.007 N/m and tip
speed was 0.94 m/s, were fitted by a unique value of emax .
The agreement with the experimental data was around 8%
(Table 3) with the value emax equal to 32.3 m2/s3. This is

Table 1. Flow Conditions Inside the Tank

RPM vtip Retank To Po eFlow
max =hei

110 0.41 10,353 0.0039 4.1 114
180 0.67 16,941 0.0125 4.4 118
330 1.23 31,059 0.0371 4.3 119

Figure 2. (a) Energy dissipation rate (m2/s3) through the tank. High values of e are present near the impeller and
adjacent walls. (b) Breakage birth source term (1/m4s) is near the impeller blades. The region is small
but pumping through this region is high.3,68 (c) Profile of the coalescence birth source term (1/m4s)
shows that the coalescence proceeds through the whole tank. Largest intensity is near the impeller
where the collision frequency is the highest. Regions directly below impeller and near the tank bends do
not support coalescence, possibly due to lack of collisions. (d) Mean Sauter diameter (lm). The drop vis-
cosity was 0.001 Pa s and the interfacial tension was 0.007 N/m.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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approximately 400 times the vessel averaged value hei. For
comparison, we calculate the mean Sauter drop diameter
with emax equal to 150 � hei, which corresponds to the value
measured by Zhou and Kresta1 using Laser Doppler Ane-
mometry in the stirred tank equipped with a Rusthon impel-
ler. The lower value of emax reduces substantially the size of
the formed drops (Table 3) suggesting overestimation of the
breakage rate. This indicates that values of emax measured by
the direct methods, that is, by Laser Doppler anemometry1,34

or velocimetry,33,69,70 could underestimate the real values
present in the system. From another point of view, the stud-
ied system was breakage dominant and the measured maxi-
mum stable drop size can be used to indirectly determine
emax in the system. Similar concept was used previously by
our group3 where breakup of aggregates composed of poly-
meric nanoparticles was used to determine emax present in a
stirred tank equipped with a Rushton impeller. Even though
a completely different system was used to determine the
value of emax , the obtained ratio of emax =hei around 550 is
rather comparable to our value. Finally, higher values of
emax determined in this study are in agreement with values
of emax calculated from Large Eddy Simulation of the flow
generated by the Rushton impeller published previously,3,36

which provides further validation of the applied
methodology.

Once the value of emax has been determined, it is interest-
ing to compare magnitudes of coalescence and breakup ker-
nels. In Figures 2b, c, there are contour plots of the local
source terms describing the drop birth and death, respec-
tively. As can be seen from Figure 2b, the breakage region
is limited to the zones with high energy dissipation rates,
which are located around the impeller edges and on the adja-
cent wall. The breakage regions are solely determined by the
breakup resistance Wec and the energy dissipation rate pres-
ent in the mixed vessel. Note that even though the breakage
region is rather small, it is also the zone with the highest
velocity resulting in a high pumping rate of the fluid.3

Therefore, even a small zone around the impeller can have a
significant impact on the DSD.

Unlike breakage, coalescence is governed by the interplay
between the necessary collision frequency (Eq. 18) and suffi-
cient efficiency (Eq. 19). In other words, certain mixing is
required for the collision to occur, but the collision should
not be too violent for the drops to coalesce (Eq. 24). This is
also the reason why, in contrast to breakage source term, the
coalescence source term is nonzero in the whole vessel (Fig-
ure 2c), although its orders of magnitude is smaller than val-
ues of the breakage source term in the breakage zone. This
supports that the maximum stable drop size in diluted sys-
tems is mainly controlled by the breakup. Numerical experi-
ments without the coalescence terms resulted in a small
decrease of the mean Sauter diameters, approximately by
7 % below the original size. The calculations were carried
out for viscosities from 0.001 up to 0.1 Pa.s at 180 RPM.
Note that other conditions, i.e. higher mixing frequency, may
result in more pronounced effect of coalescence.1

PBE solved by the QMOM algorithm provides the sizes of
three nodes of the DSD which were consequently used to
calculate the corresponding Sauter diameter, Llocal

32 distributed
through the whole vessel (Figure 2d). As expected, the
diluted dispersion and small vessel with good mixing results
in a homogeneous profile of Llocal

32 . To compare the simula-
tions to the values of mean Sauter diameter, L32, measured
by Wang and Calabrese30 and Calabrese et al.25 Llocal

32 was
averaged over the whole vessel to obtain L32.

PBE computed on both of the refined meshes resulted in
very similar L32 as a function of drop viscosities. The calcu-
lation of PBE was carried out on the refined mesh with r5

0:015 Nm and 180 rpm. For the e-based mesh refinement,
the resulting L32 as a function of drop viscosity exhibited
deviance of 1% compared to the original mesh. The PBE
calculation on the mesh refined based on velocity gradient
resulted in L32 approximately 10% higher compared to the
calculation with the original mesh. Albeit the small discrep-
ancy, the results agree well with the experimental data. Based
on this result, we can conclude that obtained results of the
PBE calculation are independent on the used mesh. The origi-
nal mesh was used in the following simulations of dispersions
with variable interfacial tension and mixind speed.

Modelling system with variable interfacial tension

The experimental data and breakup resistance emax results
in a single linear dependency of Wec on the dispersed-phase
viscosity (cf. Figure 1), which was obtained for a single
interfacial tension, r50:007 Nm. Since Wec contains r (Eq.
6), a correct master-curve reflects the change in r. Predictive
power of this breakup criteria was tested by predicting the
experimental data of Wang and Calabrese,30 which was
measured for r ranging from r50:01520:0378 Nm. Since
change of interfacial tension was done by mixing various
amounts of methanol and water, it was necessary to calculate
both flow and consequent PBE. Comparison of the obtained
results is presented in Table 4. As can be seen over all the
calculated values of Lcal

32 agree very well with measured val-
ues with the error not exceeding 25%. The deviation is small
and supports the validity of the assumptions used for deriva-
tion of the coalescence and breakage kernels as well as
shape of DDF. The small differences can be caused by sev-
eral factors, including not enough time to reach “a true
steady state” during the experimental work, imprecision to

Table 2. Summary of the Model Parameters Used for

Simulations

Property Value Unit

r 0.007–0.0378 N/m
gD 0.001–1 Pa s
gC 0.0009 Pa s
HC 0.4310220 J
qD 970 kg/m3

qC 998 kg/m3

C4 5 –
kmin 0:1Li M
kmax 1Li M

Table 3. Comparison of the Calculated and Measured Values

of the Steady State Mean Sauter Drop Diameter L32 Deter-

mined for Three Values of the Dispersed-Phase Viscosity

and Interfacial Tension of 0.023 N/m

gD (Pa.s)
Lexp

32

(mm)
Lcalc

32 �ð Þ
(mm)

Error
(*) (%)

Lcalc
32 ��ð Þ
(mm)

Error
(**) (%)

0.0008 125 108 14 60 52
0.0834 267 233 13 150 44
0.9919 881 815 8 572 35

� emax 5400 � heið Þ, � � emax 5150 � heið Þ

2410 DOI 10.1002/aic Published on behalf of the AIChE August 2015 Vol. 61, No. 8 AIChE Journal



determine the proportionality constant C5 between Sauter
and maximum size, as well as the scatter of the measured
values of Sauter mean diameters.

In the formulation of the breakage kernel, there are two
parameters which could have a significant impact on formed
DSD, that is, the maximum size of eddies which would
cause drop breakup kmax and the shape of the DDF
expressed by C4 in Eq. 30.

For gd equal to 1 Pa s and a tip speed 0.7 m/s, if the value
of kmax is increased by factor two, the mean drop size
decreases only about 1.3%. This indicates that only eddies of
a similar size contribute to breakage significantly which is in
accordance with literature.8,26,45 However, this situation
could change with higher /d, where the equilibrium between
breakage and coalescence would be different.

Other parameter, which could have impact on the formed
DSD, is the shape of the DDF. Andersson and Andersson26

studied the breakup of drops with different viscosities and
described the resulting change in daughter sizes. We used
ternary symmetric breakage as a basis for our computations
(C4 equal to 5).45 Compared to the binary breakage (C4 5 2),
the relative change in L32 is only 0.02%. When the mother
drop breaks into multiple fragments, which are half of the
size of the mother drop, that is, C4 5 18, L32 reduces by
10%. Such small effect indicates that simulated results at
viscosity gd51 Pa s are rather insensitive to the choice of
the DSD, even though this effect could be more significant
for the case of higher /d or different gd.

Dependency of mean Sauter diameter on tip speed

With Wec fitting the data of Wang and Calabrese30 in a
range of viscosities and interfacial tensions, we tested the
model to predict the drop size measured for a variable tip
speed, vtip. Silicone oils with molecular weight, which varied
the viscosity from 0.1 to 10 Pa s, were used as the dispersed
phase in pure water. The predictions of Lcal

32 at variable vtip

and gd all simulations were carried out with the model
parameters defined in Table 2 including the local breakup

criterion Wec reported in Figure 1. Investigated range of vtip

covered range from 0.4 to 1.2 m/s. Comparison of the
obtained results together with experimental data of Calabrese
et al.25 is presented in Figure 3. For completeness we present
the data measured by Chen and Middleman,38 which were
obtained in a similar stirred tank with silicon oil with viscos-
ity of 0.001 Pa s. The experimental data show a power-law
decrease of the Sauter mean diameter with an increase of the
tip speed. Furthermore the size of the maximum stable drop
size increases with the increased viscosity of the dispersed
phase. For low and moderate dispersed viscosities (0.001–
1 Pa s), the power-law dependency L32 on tip speed becomes
steeper while sudden decrease of the slope is observed for
last two highest viscosities. As described by Calabrese
et al.,25 the change in scaling is due to the change in the
breakage mechanism, which switches from bursting to elon-
gation or stretching.

The calculated values of L32 agree well with the experi-
mental data of Chen and Middleman38 and Calabrese et al.25

in the range of low to medium viscosities (0.001–1 Pa s),
see Figure 3. Conversely, for the two highest viscosities (5
and 10 Pa s), the model over predicts the measured values of
L32. Similar discrepancy was also reported by other authors29

and can be related to the not-well documented change in the
breakup mechanism at higher drop viscosities.25,26 The sud-
den change in behavior might be caused by several phenom-
ena including the shear thinning processes, surface
instabilities during the drop passage through the high-stress
areas, contact with vessel instrumentation, or other

Table 4. Comparison of the Mean Sauter Drop Diameter

Calculated by Combined CFD-PBE Approach with that

Measured Experimentally by Wang and Calabrese
30

gD (Pa.s) Lexp
32 (mm) Lcalc

32 (mm) Error (%)

r 5 0.0378 N/m
0.0010 157 157 0
0.0960 327 308 6
0.4860 671 517 23
0.9710 1017 778 24

r 5 0.023 N/m
0.0008 125 108 14
0.0169 158 141 11
0.0834 267 233 13
0.9919 881 815 8

r 5 0.015 N/m
0.0008 88 89 1
0.0172 111 113 2
0.0865 180 195 8
0.4080 415 426 3
0.9925 678 578 15

r 5 0.007 N/m
0.0008 58 63 8
0.0171 77 81 5
0.0865 138 150 9
0.4153 354 353 1
0.9928 589 559 5

Figure 3. Reproduction of data with variable mixing
speed.

Lines represents simulation results while points corre-

spond the experimental data of Calabrese et al.25 System

is composed of pure water with the interfacial tension

0.0378 N/m and oils of variable viscosities. The model cap-

tures the drop sizes well for low and moderate viscosities.

The absolute values of drop sizes are over-predicted for

high viscosities but the change in the scaling is captured

by the model. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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mechanism. Note that these mechanisms were not included
in the derivation of the breakup kernel.

The shear thinning mechanism was investigated for the
case of the highest viscosity 10 Pa s. In particular, we imple-
mented the dependency of used silicone oil viscosity on the
shear rate from Dow Chemical database.71 We assumed the
worst case scenario, that is, enough time for the shear thin-
ning effect. The obtained L32 did not change significantly
from those reported in Figure 3, which indicates a negligible
effect of shear thinning.

The significance of the surface instabilities on the
breakage of drops was studied by comparison of the char-
acteristic times of the governing processes. These are the
relaxation time, which is required to restore the deformed
drop to spherical shape by the action of surface forces,
and the circulation time, which is required to bring the
deformed drop again into the zone with high stresses. The
drop relaxation time can be defined as trelax5gdL=r and it
is directly proportional to the dispersed-phase viscosity.
Considering the case of a highly viscous polymer in water
trelax can rise up to a few seconds. The recirculation time,
trec, in a stirred tank equipped with Rushton impeller71

was found between 2 and 3 s. This indicates that drop
may exhibit amplification of the surface instabilities dur-
ing multiple passes through the highly turbulent zones,
which could result in the enhancement of the breakage
usually observed at high viscosities. However, final proof
of this hypothesis would require the Lagrangian tracking
methods to investigate the stress magnitude along a parti-
cle trajectory, which is beyond the scope of the presented
work.

Another possible reason for discrepancy between CFD-
PBE model, presented in Figure 3, is the change in the flow
conditions around a single drop. In particular, by estimating
the Stokes number (St5tChar

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hDu2 Lð Þi

p
=Dimp where

tChar5L2qd=ð18gcÞ) at places near the impeller, it was found
that the Stokes number becomes larger than 1 for drop sizes
larger than 2 mm. This indicates that, under experimentally
used flow conditions,25 drops composed of oils with viscos-
ities above 1 Pa s, which form drops larger than 2 mm,
might have collided with the vessel instrumentation. The
contact could result in higher breakage rate and consequently
in smaller drop sizes. Such breakage mechanism was not
included in this work and would require substantial modifica-
tion of the breakage rate expression.

Conclusions

This work deals with the modelling of coalescence and
breakup phenomena occurring in a turbulent liquid-liquid
dispersion in the fully baffled stirred tank equipped with a
Rushton turbine. To capture effect of the local hydrodynamic
conditions on the formed drops, we used the combination of
CFD and PBE. A breakage criterion was formulated in the
form of the local critical Weber number (Wec). Experimental
data published previously by Wang and Calabrese30 were
used to determine Wec as a function of the operating condi-
tions. It was found that Wec is independent of the interfacial
tension and local energy dissipation rate while it is linearly
dependent on the drop viscosity.

In the analyzed vessel, we identified the breakage regions
with high energy dissipation rates, which were located in the
close vicinity of the impeller. The drop coalescence was
observed in the whole vessel, even for a low content of the

dispersed phase. Model validation was carried out by experi-
mental data with the variable drop viscosity for a single
interfacial tension. Predictions of systems with the variable
interfacial tension agree well with the experimental data.
Our model also predicts the dependency of Sauter mean
diameter on the tip speed reported in Calabrese et al.25 A
very good agreement between the experimental and simu-
lated data was found in region of lower and medium drop
viscosities ranging from 0.001 to 1 Pa s. Extrapolation to the
higher viscosities correctly predicted the change in the scal-
ing but fails to capture the absolute size of measured drop
diameters, which can be explained by the lack of information
about the breakup mechanism of highly viscous drops.

The thusly formulated multiscale model of dispersion
gives a good starting point for the development of an indus-
trial tool for the design and optimization of the dispersion
processes with variable viscosity of the dispersed phase;
namely, the suspension, precipitation, and emulsion polymer-
izations. Currently, our model predictions are limited to the
geometries, which are similar to those used in the experi-
mental work, and to low content of the dispersed phase. Fur-
ther development of the model will address these issues to
create a fully predictive tool for an arbitrary geometry and
the high content of the dispersed phase. Such tool can be
used for optimization, scale-up and design of industrial
vessels.
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Notations

a123 = drag coefficient constants, -
B = birth source term, 1/(m4s)
C = arbitrary constant, -

C1 = hydrodynamic model constant, -
C2 = hydrodynamic model constant, -
C3 = statistical velocity constant, -
C4 = daughter distribution function constant, -
C5 = ratio between mean and maximum drop size, -
Cg = hydrodynamic model constant, -
CD = drag coefficient, -

d = distance between two points in space, m
D = death source term, 1/(m4s)

Dimp = impeller diameter, m
Fdrag = drag force, N

g = gravity acceleration, m/s2

gðLÞ = breakage kernel, 1/s
Gk = production of the turbulent kinetic energy, kg/(ms3)
hCr = critical separation distance, m
h0 = initial separation distance, m
H = Hamaker constant, J

hðLi; LjÞ = coalescence kernel, m3/s
k = turbulent kinetic energy, J/kg
L = drop size, m
N = mixing frequency, 1/s

nðLiÞ = density function, 1/m4
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p = pressure, Pa
pB; pC = breakage and coalescence efficiency, -

R = equivalent radius of collision, m
ReP = particle Reynolds number, -

St = Stokes number, -
t = time, s

tCr = critical time necessary for coalescence, s
tCo = coalescence time, s

tChar = characteristics time of flow, s
T = vessel size, m
T = stress tensor, Pa
�U = velocity vector, m/s

u2
Cr = critical energy of collision, m2/s2

Du2 = mean square difference in velocity, m2/s2

vtip = impeller tip speed, m/s
Vi = viscosity group, -

WeT = tank Weber number, -
y1 = nondimensional wall distance, -

Greek letters

bðLi; LjÞ = daughter distribution function, 1/m
_c = shear rate, 1/s
e = energy dissipation rate, m2/s3

gk = Kolmogorov length, m
gt = turbulent viscosity, Pa s
k = length of an eddy, m
l = dynamic viscosity, Pa s
m = kinematic viscosity, m2/s
q = density, kg/m3

r = interfacial tension, N/m
rk = hydrodynamic model constant, -
re = hydrodynamic model constant, -
s = stress on drop surface, Pa
/ = volume fraction, -

x L; kð Þ = coalescence or breakup frequency, 1/s

Subscripts

d = dispersed phase
c = continuous phase

m = mixture of phases
max = maximal value
min = minimal value

i = current drop index
j = other drops indexes
k = index
k = eddy property

Superscripts

B = breakage
C = coalescence
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